In the present note we give an explicit integration of some two-dimensionalised Lotka-Volterra type equations associated with simple Lie algebras possessing a representation without branching.
Equations of the Lotka-Volterra type under these or that boundary conditions appear in various branches of theoretical and mathematical physics, in particular in some solvable models of the field theory, plasma physics, electrotechnique, ecology, mathematical biology, etc. In the present note we discuss a special class of these equations associated with simple finite-dimensional Lie algebras. Namely, in paper [1] the finite system of the Lotka-Volterra type equations
was obtained for the functions R A (z + , z − ), 1 ≤ A ≤ 2N; with the boundary conditions R 0 = R 2N +1 = −∞. Here λ α are some constants which can be eliminated, e.g. by redefinition of the functions R 2α , only for the case related to the algebra A r when none of them equal zero, see below. These equations realise, in fact, a relation between the Toda system
associated with a complex simple Lie algebra G (of rank r with the Cartan matrix k) possessing a representation of dimension N without branching, and the A N −2 ⊕ G (1)-Toda fields. Seemingly, these equations can be extended to the system of 1st order partial differential equations associated with the relevant affine Lie algebras; that is rather important for constructing their soliton solutions.
Recall that speaking about a representation without branching, we mean such a representation of weight l, for which the representation space, endowed e.g. with the Verma base constructed with the help of the (cyclic) highest weight vector v l by the action on it of the negative simple root vectors,
with the only one value j m corresponding to a given integer m. It is known that the 1st fundamental representations of A r , B r , C r and G 2 possess this property.
Note that for the case of A r system (1) realises the proper Bäcklund transformation, and, correspondingly, coincides with the two-dimensionalised difference KdV equations derived and completely integrated in [2] in terms of the general solutions to the A r -Toda system, while in some different form than those of our formula (4) when G = A r .
Equations (1) represent an equivalent form of writing the system
0 ≤ a ≤ N − 1, with the identification
Here we make use the following notations:
When G = A r , equations (4) and (4), in terms of the functions e θ a−1 /2 Ψ a−1 , are equivalent to the Frenet-Serret formulas for the moving frame [3] . For other simple Lie algebras we expect the similar situation with respect to the W -surfaces introduced in [4] .
Due to their nilpotent structure, equations (4) and (4) can be solved in general form explicitly. Let us start from the first set of these equations, i.e. (4) . (Recall that Ψ N ≡ 0 by definition.) Taking a = 0, the corresponding equation is rewritten as
where, in accordance with equation (4) for a = 0, the function Ψ 0 does not depend on z + , Ψ 0 = Ψ 0 (z − ). Substituting this solution for Ψ 1 in the equation (4) for a = 1, i.e., in
we get
Continuing this integration procedure, we obtain the expressions for the whole set of the functions Ψ a , a > 0, in terms of the function Ψ 0 . The last step in the integration scheme, corresponding equation (4) with a = N − 1, gives the equation of the N-th order for the function Ψ 0 , the generalised Bargmann-Leznov generating equation [5] . This equation establish a relation between its coefficients (which are nothing but the W -potentials or conserved currents 3 ) and the set of linearly independent fundamental solutions Ψ A 0 (z − ), which are just the functions which determine, together with the analogous set of the functions Φ A 0 (z + ), the general solutions to the Toda system. The final result for the solutions R A of system (1) can be written as:
and R 2α = ρ jα − R 2α−1 . The corresponding expression for the functions Ψ a contains a derivatives over z − , and represents a generalisation of the determinant form of writing the formula for the moving frame for A r given in [3] . These solutions, being substituted in equations (4), automatically satisfy them with account of the Toda system (2). The generating equation in the case under consideration here, can be written in the form
This equation implies, in particular, the following expressions for the elements of the corresponding W -algebra:
where D p = exp(θ qp−1 − θ q p+1 −1 ) · ∂ z .
